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Abstract. We extend Orlov's result on representability of equivalences to 
schemes projective over a field. We also investigate the quasi-projective case. 



1. Introduction 

Given two projective schemes, X and F, and an exact functor, F : D^^^^{X) 
-^coh(^)' O'^^ wonder if, on the product X xY, there exists a bounded complex 
coherent sheaves, E, whose associated integral transform is isomorphic to F. We 
can try to compare D^^hi-^ ^ ^) "^^^^ the category of exact functors between 
-^coh(^) -Ocoh(^) by studying the functor that takes a complex on the product 
to the associated integral transform. One's first hope might be that this functor is 
an equivalence. A simple look at the case of the projective line shatters this hope. 
The space of natural endomorphisms of the identity functor of -DJqJj(P^) is infinite- 
dimensional (assuming k is infinite) while £'coh(Pfc ^ Pfc) finite-dimensional 
morphisms. (The author thanks Chris Brav for pointing this out.) Moreover, any 
morpshim (p : E ^ _F[2] between coherent sheaves E and F on x P^. induces 
the zero natural transformation. Thus, the morphism sets of the two categories 
are very different. However, being stubborn as we are, this does not extinquish the 
flame of our hope; it only focuses it. 

The next best scenario would be that any exact functor, F : D^^^^{X) -Dcoh(^)' 
is isomorphic to integral transform and the kernel of the integral transform is unique 
up to quasi-isomorphism. This hope is more difficult to stamp out. Indeed, there 
are no counterexamples and there is some supporting evidence. The evidence comes 
from Orlov in the form of the following theorem, see pT| : 

Theorem 1.1. Let X and Y he smooth projective varieties and let F : £'coh("^) ^ 
^coh(^) a full and faithful exact functor possessing either a left or right adjoint. 
Then, there exists a bounded complex of coherent sheaves, E, on X x Y , whose 
associated integral transform, ^e, restricted to D^^^^{X), is isomorphic to F. 

In particular, an important case covered by Orlov's result is where F is an 
equivalence. 

This paper is an attempt to relax the conditions of smoothness and projectivity 
in the hypotheses of Orlov's theorem, and, consequently, provide more evidence in 
favor of a bijection between exact functor on derived categories and objects on the 
product up to quasi-isomorphism. It contains a few results on projective schemes 
that are quite similar to Orlov's result. For instance, we have the following theorem: 

Theorem 1.2. Let X andY be projective schemes over a field k. If F : £'perf(^) — > 
i'pcrf (F) is a full and faithful functor with left and right adjoints, then F is iso- 
morphic to the restriction of^E to Dpcii{X) for an E E D^^^^{X x Y). 
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And a corollary of it: 

Corollary 1.3. Let X andY he projective schemes over a field k. If F : D^ohi-^) ^ 
D^ohO^) exact equivalence, then there exists an E G D'^^^^{X xY) and a natural 

isomorphism F ^e\d'' ^ (X)- 

These results are natural extensions Orlov's original result. However, in the inter- 
vening decade, little knowledge about the singular case has arisen. Even when other 
results, such as sufficient conditions for an integral transform to be an equivalence, 
are extended to more singular schemes, the question of whether derived-equivalent 
schemes are related by a Fourier-Mukai transform is side-stepped, see P[5_ and es- 
pecially section 4 of [M]. The results of this paper allow one to assign a kernel 
to any equivalence. One can then use geometric reasoning to study the kernel, a 
process which proves fruitful in the case of smooth and projective varieties. 

If one wants to relax the projectivity assumption, we have the following: 

Theorem 1.4. Let X and Y be quasi-projective schemes over a field k with either 
X or Y possessing an ample line bundle, large tensor powers of which have trivial 
higher cohomology. If D{X) and D{Y) are equivalent, then there is an object of 
D{X X Y) whose associated integral transform is an equivalence. 

Note one does not necessarily have isomorphism of the two functors appearing 
in theorem ll.4l Indeed, the simplest case to check that such an isomorphism exists 
would be when both X and Y are affine. We jump wholly into the realm of com- 
mutative algebra and, surprisingly, we find no answers. The state of the knowledge 
remains essentially unchanged since Rickard's paper on derived Morita theory, [12j . 

If one wishes to extend the results in this paper, there are a few obvious cases: 
stacks and twisted derived categories. However, from work Dugger and Shipley, 
see [5], if we push too far, equivalences are no longer guaranteed to arise from 
"bimodules." It would be quite interesting to paint a line separating the Dugger- 
Shipley realm from the happy land presented here. 

If one is willing to enrich the derived category by remembering more structure, 
i.e. the structure of a differential graded category or a stable cx3-category lying 
above the triangulated structure, one can show that all functors, preserving this 
extra structure, are integral transforms, see [4l[T6|.l3|. 

One can combine the results on dg-categories and dg-functors with work of Lunts 
and Orlov, [8]. Independently, Lunts and Orlov prove a slightly stronger result 
involving projective scheme; one can remove the assumption of the existence of 
adjoints from 11.21 They also prove a similar for bounded derived categories of co- 
herent sheaves on projective schemes. These are applications of a central new idea: 
lifting structure from the triangulated category to a dg-enhancement. Whereas the 
methods of this paper seem to be difficult to adapt to a general exact functor, one 
can hope that Lunts and Orlov's results might be more amenable. 

Here is a outline of the paper. In section[2l we recall the results of |ij which serve 
as the main new ingredient. In section [H we study integral transforms generally. 
We focus on the interplay between the existence of adjoints and the preservation of 
certain subcategories of the unbounded derived category of quasi-coherent sheaves. 
Section [4] recalls Orlov's notion of convolution of a complex over a triangulated 
category. We mention how one can extend Orlov's ideas to totalize unbounded 
complexes via homotopy colimits of convolutions. In section [5l we recall another of 
Orlov's useful definitions: ample sequences in derived categories. We focus on ample 
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sequences consisting of perfect objects. We talk about resolutions of the diagonal 
in section [6l In the final two sections, we use the ideas and results of the previous 
sections to prove new results. In section [71 we discuss quasi-projective schemes, in 
particular proving the theorem II. 4i In section [8l we focus on the projective case 
and prove theorem [L2] amongst other results. 

This work was a portion of the author's thesis at the University of Washington. 
The author would like to thank his advisor, Charles Doran, for his patience, energy, 
and dedication. While preparing this paper, the author was supported by NSF 
Research Training Group Grant, DMS 0636606. 

2. Preliminaries 

Some notional preliminaries: given a category, C, the morphism set from an 
object. A, to an object, B, is denoted as [A, B]. If a category is endowed with shift 
functor, the shift is denoted by [1]. 

Given a scheme X, the category of perfect complexes, I?pcrf(-'^), is the full 
subcategory of the unbounded derived category of quasi-coherent sheaves on X, 
D{X), consisting of complexes locally quasi-isomorphic to bounded complexes of 
finite rank locally-free sheaves. If X is quasi-compact and separated, the objects of 
i'pcrf (^) are the compact objects of D{X), meaning the natural map, 

^[A,B,]^[A,l[B,], 

iei iei 

is an isomorphism for any perfect A and any collection Bi, 9 . Any nonzero object 
of D{X) admits a nonzero morphism from a compact object. Because of this, we 
call D{X) compactly-generated. Brown's theorem on representability of cohomo- 
logical functors on the category of spectra can be extended to compactly-generated 
triangulated categories, see [10]. It provides a useful tool for studying D{X). 

If we restrict to the situation where X is quasi-projective over a field fc, a complex 
is perfect if and only if it is globally quasi-isomorphic to a bounded complex of finite 
rank locally-free sheaves. While the notion of a perfection of an object is manifestly 
geometric, it is often not as useful as the more natural notion of compactness. 
Consequently, the identification of Dpcrf (^) as the subcategory of compact objects 
is helpful. Many other subcategories of D{X) are defined geometrically; one can ask 
for a more intrinsic characterization of these subcategories. One such category is 
the bounded derived category of coherent sheaves with proper support, D^^^^^{X). 
The desired characterization comes from viewing any object, B S D'^oi, ci-^)^ ^ 
functor, [— ,-B] : Dperf(-''^)° — > vectfc, that takes triangles to long exact sequences 
and satsifies the following finiteness condition: 

^dimk[A[j],B] < oo 

for any perfect A. Any functor, (f> : Dpcri{X)° vectj,, taking triangles to long 
exact sequences and satisfying the finiteness condition is called a locally-finite co- 
homological functor. 

Theorem 2.1. For any quasi-projective scheme over a field, the bounded derived 
category of coherent sheaves with proper support is equivalent to the category of 
locally-finite cohomological functors. Moreover, the equivalence is the functor given 
above. 
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For a proof, see [T]. This result succeeds in providing the requested intrinsic 
characterization of i^coh c(^)- 1^ is in some sense dual to the category of compact 
objects. The duality is rather strong. It is easy to check that any object A satisfying 

^dimfe[A[j],B] < oo 

for all B in D^^Yid-^) ^nust be perfect. Moreover, an impressive represcntability 
result of Rouquier, see [13| , immediately implies the following proposition. 

Proposition 2.2. Let X be a projective scheme over a perfect field k. The category 
of locally-finite homological functors on D^cohi-^) equivalent to _Dpcrf(^) via the 
Yoneda embedding. 

This duality at the level of categories, including morphisms, allows us access to 
a wider range of tools than just an observation concerning objects would allow. 
For instance, given two quasi-projective schemes, X and Y , and a functor, F : 
DperiiX) DperiiY), there exists a unique functor, F"" : D^^^^^^{Y) ^ D^^^^^^{X), 
with natural isomorphisms 

[FA, B] = [A, F'^B] 

for any A in D-pcrf{X) and B in D^^^^i c(^)- '^^'^ proof of the existence is a sim- 
ple application of the previous theorem. Uniqueness is clear. We call F'^ a right 
pseudo-adjoint to F. We also call F left pseudo-adjoint to F^. For a given functor 
G ■■ Dl^hAY) ^cohc(^)' the existence of a left pseudo-adjoint, ^G, IS guar- 
anteed in the case of the proposition 12.21 above. There are other cases where the 
existence of a left pseudo-adjoint is known. For instance, if G : F)'^ca\iO^) ~^ -^coh("'^) 
already possesses a left adjoint, ^G, ^G must take perfect objects to perfect objects. 
Specializing further, if G is an equivalence, then its inverse is its left pseudo-adjoint. 

With this knowledge fresh in our memory, we begin the investigation in earnest 
by studying integral transforms homologically. 

3. Integral transforms 

Let X and Y be quasi-compact, separated schemes and let / : X ^ F be a 
morphism. 

Definition 3.1. An object, E, from D{X) is f -perfect if f^{E ® -) : D{X) ^ 
D{Y) sends perfect objects to perfect objects. 

Recall that /, possesses a right adjoint /', [10] . 

Lemma 3.2. E is f -perfect if and only ifTLom{E, ) : DiY) F){X) commutes 
with coproducts. 

Proof. f*{Eii^—) is left adjoint to Hom{E, /'— ) so the result follows from the next 
lemma. □ 

Lemma 3.3. Let T be a compactly- generated triangulated category and S a trian- 
gulated category. Let F : T S be a functor which commutes with coproducts and 
let G : S ^ T be the right adjoint. G commutes with coproducts if and only if F 
takes a generating set of compact objects to compact objects. 
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Proof. Assume that G commutes with coproducts. Let X be a compact object of 
r. Then, 

0[F(X),r,] - 0[x,G(r,)] - [X,GiY[Y,)] - [FiX),Y[Y,]. 

The resuhing map agrees with the natural map ^[F{X),Yj] IJ 
Therefore, F{X) is compact. 

Recah that a generating set is a set of objects, {^i}, for which [v'Ci, A] = for 
all i implies that A is isomorphic to the zero object. Assume that we have a set of 
compact objects, {AT^}, which is a generating set. Assume that F{Xi) is compact 
for all i. Then, for each i, 

[X.,l[GiY,)] - 0[A„G(y,)] = 0[F(A,),y,] = 

This morphism coincides with applying [A^,— ] to the natural map IJG(yj) — *■ 
G(U Yj). Let Z be the cone over U G{Yj) G(U Y,). [Xi, Z] = for all i by the 
above calculation. Thus, Z is isomorphic to and G commutes with coproducts. □ 

Lemma 3.4. E is idx -perfect if and only if E is perfect. 

Proof. If E is perfect, then, for any perfect object F, E (g) F is perfect. If E is 
idjf-perfect, then TLom{E, — ) commutes with coproducts. Taking global sections, 
we see that [E, — ] commutes with coproducts. □ 

Lemma 3.5. If E is f -perfect, then the natural map, 

Hom{E, f-G) ® f *H Hom{E, f\G ® H)), 
is an isomorphism for any G and H in D{Y). 

Proof. First, let us describe the origin of the aforementioned natural map. By 
adjunction, it is sufhcient to provide a map 

f,{E(g>HomiEJ-G)(®f*H)^G(g>H. 

Using the projection formula, see Proposition 5.3 of [TU] . 

f,iE (g) Hom{E, f-G) (g> f*H) ^ f,{E (g) Hom{E, fG)) ® H. 

Using the counit of adjunction, we get a map 

f,{E(g>nom{EJ-G))(g,H ^Gg)H. 

The composition of these two maps is our desired natural map, which we call vg,h- 
Since both 

Hom{E,f'-)(E)f*- and Hom{E,f{^(g)^)) 
commute with coproducts, it suffices to show that j^f,F' is an isomorphism for 
any compact F and F'. Moreover, we only need to show that [D, vf.f'] is an 
isomorphism for any D in D{Y). We have a sequence of natural isomorphisms: 

[D, nom{E, f-F) ® f*F'] ^ [D (g nom{f*F', Ox),nom{E, fP)] = 

[f^{E ® D ® f*nom{F' ,Oy)),F] ^ [f,{E (g D) ®Hom{F' ,Oy), F] = 

[f,(E®D),F'®F] = [D,Hom{E,f'{F®F'))]. 

It is straightforward, but tedious, to check the end result of this sequence coincides 
with the precomposition by i^F,F'- Q 
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Lemma 3.6. If E is f -perfect, then we have a natural isomorphism, 
fMom{E, f'G) ^ nom{f,E, G), 

for any G in D{Y). 

Proof. From the counit, f^f'G G, we get a natural map f ^iJ-Lom{E , f- G)) 
TLom{fitE,G). To show that is it an isomorphism of sheaves, we need to know 
that it induces an isomorphism of the derived global sections over any open affine 
subset, [/, of Y . Let j : U — > F and / : f~^U — > X be the inclusions and 
/' the restriction of / to f^^U. It is enough to check that {j')*TLom{E, f- —) is 
isomorphic to TLom{E' , {f')'j*—), where E' is {j')*E. Since localization is exact, we 
have j*f^ = f'*{j')*- Take any compact E from D{X). We see that j*f*{E (X) -) = 
fi{E' ® Taking adjoints, we get 

Hom{E, -) - jlHomiE', (/')-). 

Consequently, 

ijrnom{E,f-)j,f = {fYmom{E',{f')'-)r. 

Since the identity, we have 

nom{E',{f)'-)r - {fYnom{E,f--)]^S- 

We use the unit, id — > of adjunction and reduce to checking that the resulting 
natural map, 

{frUov^{E,f ~) ^ {jrnom{E,f-)j,f, 

is an isomorphism. The cone over the unit, id —> j^j*, is the functor of local 
cohomology on Z — Y — U. Let us denote this by Tz- It is now sufficient to check 
that {j')*nom{E, f'-)Tz = 0. 

If G is any complex acyclic off of Z, 'Hom{E,f-G) = Hom{E , f' Oy) ® f*G is 
acyclic off f^^Z as f*G is. Thus, after we apply {j')*, we get zero. □ 

Lemma 3.7. If E is f -perfect, then so is Hom{E,fF) for any F in r'porf(i^)- 

Proof. We need to show that f^{'Hom{E, f'F) ® — ) takes perfect objects to perfect 
objects. By lemma \3l6\ this is isomorphic to TLom{f^{E ® T-lom{—,Ox)),F). As 
f^{E (g) nom{-,Ox)) and F are perfect, HomifSiE Hom.{- , O x)) , F) is also 
perfect. □ 

Lemma 3.8. E e D{X) is zero if and only if f^,{E ® F) is zero for all perfect F. 

Proof. Clearly, if E is zero, then ® G) is zero for any G in D{X). Assume 

that ® F) is zero for all perfect F. Then, 

= [Oy, f,{E F)] = [f*Oy,E F] = [nom{F, Ox), E] 

for any F. Since Ti,om{—,Ox) is a involution on Dpcri{X), [F,E] = for any 
perfect F. Thus, E is zero. □ 

Lemma 3.9. If E is f -perfect, the natural map 

v:E-> nom{nom{E, f'Oy), f'Oy) 

is an isomorphism. Therefore, Hom{— , f'Oy) is an involution on the collection of 
f -perfect objects. 
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Proof. By lemma [3781 it suffices to show that /*(:^ (8) F) is an isomorphism for any 
perfect object F. By lemma [3761 

f^Hom{Hom{E ® F, fOy), fOy) ^ Hom{fMom{E ® F, fOy), Oy) ^ 
nom{nom{f,{E (g> F), Oy), Oy). 

It is straightforward to check that the resulting map coincides with the double 
dualization map, over Oy, for f*{E (g) F). f*{E (g) F) is perfect so the double 
dualization 

f,{E (g)F)^ Hom(Hom(ME ® F), Oy), Oy) 
is an isomorphism. □ 

Lemma 3.10. If E is f -perfect, then f^{'Hom,[E, f Oy) ® ~) is left adjoint to 
E(g>f*-. 

Proof. We compute: 

[F,E®f*G] ^ [F,nom{nom{E,f-Oy),f-Oy)® f*G] 
[F,nom(nomiE, f'Oy), f-G)] ^ [f,{nom{E,f-Oy)(®F),G]. 

□ 

We say that an object G of D{X) is locally-finite if 

^dimfc[F,GW] <(X3 

iGZ 

for all perfect F. 

Corollary 3.11. Let X and Y he defined over a field k. If E is f -perfect, E® f* — 
takes locally-finite objects to locally-finite objects. In particular, if X and Y are 
quasi-projective over k, E® f*~ must take D^^y^ cO^) ^coh d-^) ^f f -Perfect. 



Proof f^{Hom{E, fOy) -) takes Dporf (X) to Dp^,f{Y). The right adjoint must 
therefore take locally-finite objects to locally-finite objects. If X and Y are quasi- 
projective over k, then locally-finite objects are exactly the objects of -D^oh c("''^)- '-' 
The following is a slight extension of proposition 1.6 from [15| . 

Proposition 3.12. Let f : X —tY be a morphism of quasi-projective schemes over 
k and E £ D{X). The following are equivalent: 

• E is f -perfect. 

• nom{E,f'G) lies m D\^^^J^X) for all G m Dl^^^^{Y). 

If E £ £'^qJj(X) and f is proper, then the above are equivalent to: 
. E®f*G lies m D^^JX) for all G G i?e'oh,c(>^)- 

Proof. Condition one implies condition two because Ti,om{E , f' —) is right adjoint 
to a functor that takes perfect objects to perfect objects. Similarly, condition two 
implies condition one since ) is left adjoint to a functor that sends -D^oh c(^) 

^oDl^jX). 

Corollary 13 . 1 1 1 savs that condition one implies condition three. If condition three 
holds for E, it also holds for E®F for any perfect F. Using the projection formula, 
f*{E®F)®G lies in I^^oh.cC^) any G in £'eoh,c(^)- The proof of this proposition 
is finished by the following lemma. □ 
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Lemma 3.13. If E e -D^ohC^) andE(E)G lies in I^coh.cl^) V all G in Dl^^^^{Y), 
then E is perfect. 

Proof Assume that E®G lies in Dl^^^^{Y) for all G in I^coh.cC^)- Let p be a 
closed point of X . Then E ® k{p) must be a bounded complex of coherent sheaves. 
Let Ep = E ® Op^x- Since Ep (g) k{p) — E ®k{p), we see that Ep has finite Tor- 
dimension in Op^x- Replacing Ep by its minimal free resolution, we see that Ep 
is quasi-isomorphic to bounded complex of finite rank free modules. This must be 
true on a neighborhood of p. So E is locally quasi-isomorphic to a bounded complex 
of locally-free sheaves. □ 
We can also test for perfection by using Horn instead of 0. 

Lemma 3.14. Assume E lies in D^^^^{X). E is perfect if and only ifHom{E,G) 
lies in Dl^^{X) for any G in Dl^^{X). 

Proof. Clearly, if E is perfect, then Hom{E,G) is a bounded complex of coherent 

sheaves for any G G Dl^^^{X). 

Assume that Hom{E,G) lies in -Dcoh(^) ^'^y ^ ™ -^coh(^)- We can apply 
the argument from the previous lemma except we consider }iom{Ep,k{p)). If Ep 
is replaced by its minimal free resolution, then Hom(i?p, fc(p)) is bounded if and 
only if Ep quasi-isomorphic to a bounded complex of free modules. E must then 
be perfect. □ 

Corollary 3.15. If E is f -perfect and Y is projective, E lies in D^^y^{X). 

Now we can begin applying the above homological algebra to the case of integral 
transforms. Let X and Y be be quasi-projective schemes. We have the projections 

X xY 

V X 

X Y 

Prom an object, E e D{X x Y), we can create a functor 

$f : D{X) ^ D{Y) 

^^-^^{F)=P2*{E®pIF). 
We shall often drop the superscript if the context is clear. 

Definition 3.16. $e is called the integral transform associated to E. E is 
called the kernel of <^e- 

We can immediately apply the results about relative perfection to the case of an 
integral transform between quasi-projective schemes over a field. 

Lemma 3.17. $s takes D^^T:i{X) to Dperf(l^) if and only if E is p2-perfect. 

Proof. If E is p2-pcYicct, then must take Dperf(-^) to Dperf(^). Assume that 
takes Dpcri{X) to Dpe^{{Y). To show that E is p2-perfect it is enough to 
show that P2*{E ® —) takes a generating set of perfect objects to perfect objects. 

I^Cy(l) is a very ample sheaf oxi X xY. Thus, if p2*{Ei^—) takes all shifts 
and tensor powers of Cx(l) 0y(l) to perfect objects, then E is p2-perfect. Using 
the projection formula, we get 

P2.{E®{Ox{moY{m])=v2*{E®Piox{]))®OYm] = ^Eioxm^ovm]- 

E is p2-perfect. □ 
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Lemma 3.18. Assume X and Y are projective and E lies in D^^^^^{X xY). 
takes D^^^^^{X) to ^coh(^) '^'^'^ ^^^V ^ pi-perfect. 

Proof. If E is pi-perfect, then the proof of proposition 13.121 shows that takes 
^coh(^) to Dl^iY). 

Assume that takes D^^^^iX) to -Deohl^)- We know that p2*{E plG) hes 
in D'^^i^{Y) for any G from D'^^^{X). We want to conclude that E ^ p^G hes in 
D^^y^{X X Y) for any G from D^^^^{X). First, we prove a lemma about boundness. 

Lemma 3.19. Let X be a quasi-projective scheme over k and G £ D(X). There 
exists an N > so that G is bounded, as a complex, if and only if [Ox{j), G[l]\ is 
bounded in I for all < j < N . 

Proof. If G is bounded, then [Ox{j), G[l]] is bounded in I for all j G Z. 

Assume that [Ox{j),G[l]] is bounded for all < j < iV and I £ Z. It suffices 
to show that [Ox{—j), G[l]] = for all j and I ^ [ki, k2]. Using the Beilinson 
resolution of the diagonal on iV-dimensional projective space and pulling back to 
X , we obtain a quasi- isomorphism 

Oxi-.]) = (vi,<E)kOx^ ®fe Ox(N)) 

for j > where V/ = (P^ ,n*{i- j - N)) ioi < i < N (see sectionE]). Thus, if 
[OxU), G[l]] is bounded in Hor < j < N, so [Oxi-j),G[l]] is uniformly bounded 
in / for all j < 0. □ 
To show that E®p\G is bounded, we just need to show that [OxOO^Cy (j), E® 
plG[r\] is bounded in I for aU < j < TV. 

[Ox{j)MOy{j),E®pIG[1]] - [pIOy(j),E®pIG{-j)[1]] 

^[OY{]),P2*{E®plG{-m]] 

which is bounded by assumption. Therefore, E ®p\G lies in D^^^S.-^ ^ ^) ^'^'^ 
can apply proposition 13 . 1 21 to conclude that E is pi-perfect. □ 
Set 

^E'"''{F)^P2.nom{E,p-^F). 
Lemma 3.20. is right adjoint to <i>^~*^. 

Proof. This is a simple application of standard adjunctions: 

[<i>f^^(F),G] = [p2.{E®plF),G] - [E®pIF,p^-^G] = 
[plF,HomiE,plG)] = [F,p,,Hom{E,pl,F)]. 

□ 

By uniqueness, |£)i> ^ (x ) is the right pseudo-adjoint to ^e^^ lop^^tix) if E 

is p2-perfect. From lemma and proposition l3.12[ we get the following statement. 

Lemma 3.21. If E is p2-perfect, then is isomorphic to ^'^^J^(^e p' Oy) ^^'^ 

takes DU ,^{Y) toDl^^jX). 

The following tells us when an integral transform cannot have a left adjoint. 

Lemma 3.22. If^E does not take -Dcoh c(^) ^coh c(^)' ^'^sn it does not possess 
a left adjoint. 
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Proof. Assume such a left adjoint exists. It would have to take perfect objects to 
perfect objects since commutes with coproducts. By duality, would then 
have to take D^^ ^iX) to DU^^{Y). □ 

Lemma 3.23. Assume that X and Y are projective and E lies in D^^^{X x Y). If 
$f-^ takes Dl^^^iX) to Dl^ JY), then 'S>'^-Z^^e,p[o.) ^e^"^' 

Proof. From lemma 13.181 we know that E is pi-perfect. Take F from D{Y) and 
G from D{X). We apply lemma [3. 101 in the following sequence of natural isomor- 
phisms: 

[i^,$f-^(G)]-[p^F,i?0ptG] = 

□ 



4. Totalizing complexes in triangulated categories 



The majority of the ideas and results of this section are due to Orlov [TT], see 
also [7]. Let T be a triangulated category. 



Definition 4.1. A complex over T is a diagram 



^S + 1 ^ 



is+2 



d-2 . d-i 
^ A_i 



An 



with Ai G T, di G and di+i o dt = 0. A morphism f between two 

complexes, {A,d) and {A',d'), over T is a collection of morphisms, fi : Ai ^ A[, 
rendering the diagram 



As 



As+i 



■A 



fs + l 



s+2 



fs + 2 



d-'s + i 



^s+1- 




commutative. 

Definition 4.2. A right convolution of a complex {A,d) over T is an object, 
X T, and a map, r : Aq ^ X , such that there exists a diagram 



A. 



O A 
As ^Bs^- 



As^i ^ A, 



O 

-Bs+i~ 



s+2 

--Bs 



A 



o 

B-i 



A 



Bo = X 



where faces denoted by O are commutative and faces denoted by A are exact triangles 
in T. A left convolution of a complex (A, d) over T is an object, Y G T, and a 
map, I -.Y ^ As, such that there exists a diagram 
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Y = B 



where faces denoted by O are commutative and faces denoted by A are exact triangles 
in T. 

Lemma 4.3. Let {A,d) be a complex over T . Assume that [Ai,A„i\f\\ is zero for 
all I < m and j < 0. Then, there exists a right convolution X of (A, d). 

Proof. We proceed by induction on the length of the complex. Assume that the 
lemma is true for any complex that satisfies the hypotheses of the lemma and has 
length less than —s. Form the triangle 



ds 



is+1 



Y 

and consider the long exact sequence 

^ [Y, A,+2] ^ [As+i, A,+2] 



resulting from applying [— , ^3+2]- Since ds+iods = 0, there is a map e : F — > As+2 
making 



is+l 



Y 



ls+2 



commute. Now consider the long exact sequence 

[^[1], A,+3] [^^,^.+3] — 



-^[A,+i,As+3] 

resulting from applying [-,^5+3]. ds+2 o e e [F, Ag+s] maps to ds+2 ° ds+i = 
and Ag+a] = by assumption. Thus, ds+2 o e = 0. By examining the long 

exact sequence resulting from applying [— we see that [F, is zero for 

s + 2 < Z < and j < 0. Thus, 



i-s+2 



ls+3 ■ 



is a complex over T satisfying the hypotheses of the lemma and having length less 
than —s. It possesses a right convolution, which is also a right convolution of the 
original complex. □ 

Lemma 4.4. Let {A,d) and {A',d') be complexes over T so that [Ai,Am[j]] is 
zero for I < m and j < and [A'i,A'^[j]] is zero for I < m and j < 0. Assume 
that [Ai,A'^[j]] is zero for I < m and j < 0. Then, for any right convolutions 
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{X,r) of {A,d) and {X',r') of {A',d') and any map h : X' 
(nan- canonical) morphism g : X ^ Z' making the diagram 



Z' there exists a 




commute. If, in addition, [Ai,Z'\j]] is zero for all l,j < 0, then this morphism is 
unique. 

Proof. We again proceed by induction. Assume the result is true for morphisms 
satisfying the hypotheses of the lemma and having length less than —s. Form the 
triangles 



As' 



s+l 



A' 



A!, 



Y y 

and let e : F ^ >ls+2 and e' : F' ^ ^s+2 be the maps constructed as in the 
previous lemma. There is a y : F ^ F' making 



As+i 



Y 



/a + l 


y 


/a[l] 









■A!, 



+1 



•y 



commutative. We have a diagram 

As+i — 



is+2 



fs + 2 



.Y' . 



A[ 



+1 



d-'s+i 



with all but the right parallelogram commutative. Consider the long exact sequence 

— ^ ^U2] — - — - [^+1, ^;+2] ^ • • • 

and note that e' o y and fs+2 ° e both map to d'^^i o fs+i = fs+2 o ds+i and that 
A^_l_2] is zero by assumption. Thus, e' oy = fg^2 ° e and we reduce to a map 
of complexes satisfying the hypotheses of the lemma and of length less than —s. 
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Let {X,r) and {X',r') be convolutions of {A,d) and {A',d'), respectively. And, 
let h : X' ^ Z' he a morphism. We use the notation from the definition of a 
convolution. Let C be the cone over the map, hor' : X' Z'. We have a 
morphism, —>■ C[— 1], which makes the diagram 

B-i ^ Ao — ^ X ^ B_i [1] 

fo 9 



C[-l] 



■A' 



hor 



z' ■ 



■c 



commutative. If \Ai^ Z'[j]] is zero for I < and j < 0, then [B-i, Z'[j]] is zero for 
j < 0. The long exact sequence 



[B-i[l]..Z'] 



[X, Z'] ^[Ao,Z'] 



ft, o r' o /o, then g = g' 



Thus, the map 
□ 



shows that, if g o r = h o r' o /q and g' o r 
g : X Z' is unique. 

Corollary 4.5. Let {A,d) be a complex over T . Assume that [Ai^Am[j]] is zero 
for all I < m and j < 0. All right convolutions are (non-canonically) isomorphic. 
If we assume, in addition, that [At,X[i]] is zero for all I, j < 0, and some right 
convolution X , then all right convolutions of (A, d) are canonically isomorphic. 



Proof. Apply lemma |4~41 to the identity map between two complexes and note that, 
if all fi are isomorphisms, the resulting morphism between the convolution is an 
isomorphism. □ 
We also have duals of these results. 

Lemma 4.6. Let {A,d) be a complex over T ujith [Ai,Ajn[j]\ is zero for I < m 
and j < 0. There exists a left convolution {Y,l) of {A,d) and all left convolutions 
are (non-canonically) isomorphic. If, in addition, [Y, Am[j]\ is zero for j <0,Y is 
unique up to a unique isomorphism. 

Lemma 4.7. Let {A,d) and (A',d') be complexes overT so that [Ai^ Am[j\\ is zero 
for I < m and j < and [A'l, A'j^[j]] is zero for I < m and j < 0. Assume that 
[Ai, A'j^[j]] — for I < m and j < 0. Then, for any left convolutions {Y, I) of [A, d) 
and (y , V) of {A' , d') and any morphism h : Z ^ Y , there exists a (non- canonical) 
morphism g : Z Y' making the diagram 



Z- 



Y ■ 



■A, 



Y' Y' K 

commute. If, in addition, [Z,A[[j]] is zero for all l,j < 0, then this morphism is 
unique. 

Example 4.8. IfT = D{X) and each Ai is a quasi- coherent sheaf placed in degree 
zero, then we can convolve and the convolution is simply the complex itself as an 
object of D{X). 
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We can also use these results to totalize unbounded complexes over T. This is 
done by taking a homotopy colimit of the convolutions of the brutal truncations. 
Assume we are given a bounded above complex 

3> As+i > As+2 ' > ^-1 5- Aq 

over a triangulated category T possessing small coproducts. The brutal sth trun- 
cation of {A, d) is the complex 

As ^ As+i ^ As+2 ^ ^ -4_i ^ ^0 

It is denoted by {a>sA,d). Assume that [AjjAtoIj]] is zero for Z < m and j < 
0. Then, we can convolve {a>sA,d). Denote the convolution by Xg. Using the 
obvious morphism a>sA — ^ a>s-iA, we get a morphism Xg-i. Then, 

we set Tot{A,d) = hocolimX^. Tot(^, d) is determined up to (a non-canonical) 
isomorphism by {A,d). 

Example 4.9. Let 

ds . ds+i . ds+2 d-2 . d-1 
3- As+1 > As+2 ' > A-i s- Ao 

be a complex over D{X) with each Ai a quasi- coherent sheaf in degree zero. Then, 
from the construction of the convolution, the convolution ofa>sA is just the complex 
itself as an object in D{X). We shall make no distinction between the two in 
notation. Let A denote the complex as an object of D{X). Note that A is the 
colimit of the cr>sA in the category of chain complexes. Therefore, there is a short 
exact sequence 

^ (J>sA (j>sA ^ A ^ 

of chain complexes. This induces an exact triangle in D{X) and the map a>sA 

a>sA is the same as in the definition of the homotopy colimit. Thus, Tot{A, d) = 
A. 

If Tot(A, d) has bounded and coherent cohomology, then there are no phantom 
maps Tot(A, d) Tot(A, d). Thus, the homotopy colimit is unique up to a unique 
isomorphism, given the uniqueness of the convolutions of the (T>sj4. 

5. Ample sequences 

Let ^ be a fc-linear abelian category. The following definition is due to Orlov. 

Definition 5.1. Let {Li}i^z be a sequence of objects in A. We say that {Li} is 
an ample sequence if. for any object A G A, there exists an N € Zi so that for 

1 < N the following conditions hold: 

• The canonical map [L,, A] ®fe Lj — > A is an epimorphism. 

• [Li, A[j]] is zero for any j j^O. 

• [A, Li] is zero. 

Lemma 5.2. Let X be a quasi-projective scheme over k. Assume that, on X, we 
have an ample line bundle, L, with L®'- ^ Ox for all I ^ and H''{X, L®') is zero 
for k > and I » 0. Then, {L®*}igz form an ample sequence for Coh(X). 
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Proof. The first condition is a classical result of Serre. The second condition can be 
restated as the vanishing of [L'^\A[j]] = W(X,A® L®'^) for i <C 0. This follows 
from a standard argument as in 6 . 

If is nonzero for i — j < 0, then L®-?"' is trivial as it is effective 

and its inverse has a section. Thus, [L®-' , L®*] is zero for j < i. We can find a 
surjective map [L®-', yl]®^®^ A and apply [-, L®*] to get an injection [A, L®*] 
^3, A] (g) [L®^ L®*] for j < i. Consequently, [A, L®'] is zero for i < 0. □ 



Remark 5.3. From the proof of the previous lemma, we see that we can replace 
condition three with the condition that [Lj, Li] is zero for fixed j and i ^ 0. 

Lemma 5.4. Let {Li} be an ample sequence in an abelian category A. If X is an 
object in D^{A) such that llom{Li, X[j]) = for all i ^ and all j, then X is 
isomorphic to zero. 

Proof. Let mp be the minimal degree I for which H^{X) is nonzero. Then, for 
i < 0, there is a surjection [Li,i?™"(X)] ® Li ^ H"^°{X) and [Li[-mQ], X] ^ 
[L„ Thus, either X is zero, or [i.,, 7^ 0. □ 

Definition 5.5. Let {Pi} be an ample sequence of perfect coherent sheaves in 
Coh(X). We shall commonly call such a collection a perfect ample sequence. 

Lemma 5.6. Let {Pi} be a perfect ample sequence for X . Then the {Pi} generates 
Dpc-[i{X) up to idempotent splittings. 

Proof. Since the set of all locally- free coherent sheaves generates £'pcrf(-'^) as a 
triangulated category, it is sufficient to show we can get any locally-free coherent 
sheaf from the {Pi} by finite iteration of the operations of forming cones, forming 
finite direct sums, and forming direct summands. Let V be any locally-free coher- 
ent sheaf. Using the first property of an ample sequence, we see that can find a 
resolution 

If X is of dimension d, then the only map between ker(P®™' — > P®™i~^)[n -I- 1] 
and if n > d is the zero map. Thus, ^ is a direct summand of 

pffimi p©mi~i 1 . . . > pffinil 

□ 

Lemma 5.7. If Q is a perfect object such that ilom{Q , Pi[j]) is zero for all i <^ 
and all j . Then, Q is isomorphic to zero. 

Proof. We use the Rouquier functor, _R, for inclusion of Z?pcrf(^) into see 
[U. Then, 

Hom(Q,P,[j])* ^ Hom(P,b], i?Q) 
and RQ is isomorphic to zero. Applying the duality again, we have 

Hom(Q, Q)* = Hom(g, RQ) = 0. 
Consequently, Q is also isomorphic to zero. □ 

Definition 5.8. Given a triangulated category T , we say that a collection of objects 
{Si}iei is a spanning class if satisfies the two following conditions: 

(1) [Si, A[j]] — for all i,j implies that A = Q. 

(2) [A, Si[j]] = for all i,j implies that A'^Q. 



16 



MATTHEW ROBERT BALLARD 



Corollary 5.9. {Pi} forms a spanning class for Dpci{{X). 

Lemma 5.10. Let T be a triangulated category possesing a spanning class {Si}. 
Let F : T ^ S be an exact functor to another triangulated category possessing a 
left and right adjoint. Lf the maps 

Honi(S'„S'j[fc]) ^ llom{F{S^),F{Sj)[k]) 

are isomorphisms for all i,j, k. Then F is full and faithful. 

Proof. Let F denote the left adjoint and F"^ the right adjoint. Take the unit of 
adjunction apphed to Si, fi '. Si F"^ FSi, and form a triangle 




For all j and k, Iloni{Sj,Ci[k]) — 0. From the definition of a spanning class, we 
conclude that Q = 0. 

Consider the counit of adjunction, gg : ^ FFQ -—^ Q, and form a triangle 




X 



The isomorphisms 

Hom(Q,S'4fc]) ^ Hom(Q,F''FS',[fc]) ^ RomC FFQ, Si[k]) 

imply that Iiom{C q, Si[k]) ~ for all i and all k. We have Cq = 0. gq is an 
isomorphism and F is full and faithful. □ 
We have the subsequent relevant corollary. 

Corollary 5.11. Let X be a quasi-projective scheme over k with a perfect ample 
sequence {Pi} and F : Dpcr{{X) — > Dpcr{{Y) an exact functor possessing left and 
right adjoints. Lf the maps 

Hom(P„P,[fc]) ^ Rom{F{P,),F{Pj)[k]) 

are isomorphisms for i < j and for all k. Then F is full and faithful on DporfiX). 

The following is a very useful result due to Orlov, see [11]. We shall not recall 
the proof as we require no modification. 

Proposition 5.12. Let A be an abelian category possessing an ample sequence and 
let F : D''{A) D^{A) be an autoequivalence. Suppose there exists an isomorphism 
f : Idj2 = F\q,. Then f can be extended to an isomorphism Id£)6(_4) F on all of 
D\A). 
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6. Resolutions of the diagonal 

Let X and Y be projective schemes over a field k. Let Ox{^) and Ov(l) denote 
choices of very ample sheaves on X and Y, respectively. Then, Ox{'^) ^ C'y(l) is 
a very ample sheaf for X x F since we can use C'x(l) and Oy(l) to embed X xY 
into Pf X Pf and then apply the Segre embedding, P^ x Pf -> pM7V+M+v_ 
The puUback of the twisting sheaf of Y'I'^+m+n to X x F is C'x(l) ^ 0^(1)- 

Lemma 6.1. Given any coherent sheaf C on X xY, there exists a j and m and a 
surjection 

We can rewrite (Ox(-j) ^ Oy(-j))®" as Ox(-j) H (Ovl-j)®") and imme- 
diately deduce the following lemma. 

Lemma 6.2. Any coherent sheaf C on X x Y has a bounded above resolution 

> En^Fn > Ei^ Fi ^ Eo^ Fo ^ C 

where Ei are invertible sheaves on X and Fi are locally-free coherent sheaves on Y . 

Corollary 6.3. On X x X, there is a resolution of the structure sheaf of the 
diagonal AX 

> AnMBn ^ > AiMBi-* AomBo^ O^x 

where Ai and Bi are locally-free coherent sheaves. 

Corollary 6.4. Assume that X is quasi-projective. Then, there is a resolution of 
the structure sheaf of the diagonal AX 

> An^Bn ^ > Ai^Bi ^ Ao^Bo^ Oax ^ 

where Ai and Bi are locally-free coherent sheaves. 



Proof. Let X be a choice of projective closure of X. By corollarv 16.31 we have a 
resolution 

> An^Bn > Ai K Si -> Ao K Bo ^ Oax 

of the structure sheaf of the diagonal AX. Ai and Bi arc locally-free coherent 
sheaves on X. Since X is an open subset of X, the restriction to X is exact. So 

> An\x^Bn\x ^ > Ai\x^Bi\x ^ Ao\x H BqU ^ Oax ^ 

is a resolution of the diagonal in X x X with Ai\x and Bi\x locally-free. □ 
We now record and prove a useful lemma found in [7|. 

Lemma 6.5. Let f : X ^ Y be a quasi-projective morphism with L the corre- 
sponding ample sheaf. Assume that large tensor powers of L have trivial higher co- 
homology. If D is a bounded above complex of coherent sheaves on X with H™° (D) 
nonzero, then there exists an integer N so that, for all k > N, H™'''{f^{D L'^)) 
is nonzero. 

Proof Take N large enough so that, for k> N, HP{f^{H'^{D)(g)L'')) = for p > 
and q> mo- dimX and H°{f^{H"^"{D) L'^)) ^ 0. We have a spectral sequence 

and we see that, thanks to our choices, (/,(£> ® L'')) ^0. □ 
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There is one concrete and important resolution of the diagonal that we should 
discuss further: the Beilinson resolution of the diagonal for P^, [2]. For the polyno- 
mial algebra, S = k[xo, ■ • ■ , a;„] we have a map of graded modules S'(— 1)®"+^ — > S 
given by sending a basis vector to Xi. Let M be the kernel of this map. The 
corresponding maps of coherent sheaves on PJJ, 

— M (-1)®"+! ^ Op. ^ ' 

is exact. By localising to the standard open subsets, one can check that M = ilpn/j,. 
(On the affine subset where Xi is nonzero, d{xj/xi) gets mapped to l/xi{ej — 
Xj/xiCi), and these maps glue). If we take duals and twist by —1, we get 

^ Op'. (-1) ^ O^I+' Tpn (-1) ^ 

which induces an isomorphism i?"(P^, 0®:^+^) H°{X,Tpn {-!)). This shows 
d 

that the vector fields — — are a basis of the global sections of Tpn . Define a global 
ax* 

section, 

s:Op.,p. ^Op.(l)KTp.(-l), 

by setting 

^ = ^^^^% 

where Xi are coordinates on the first factor and yi are coordinates on the second. 
One can then check, by localizing to the affine charts, that the divisor corresponding 
to s is exactly the diagonal. Taking the Koszul resolution associated to the section 
we get the resolution 

^ Op..(-n) Kr2?,„(n) ^ C'p,.(-n + 1) - 1) ^ • • • 

k k k 

* Opn (-1) K npr. (!) ^ Op^ K Op^ ^ Oa ^ 0. 

Note that we can shift the degrees a bit 

^ Op-fm-n) Krj?,„(n-TO) -> Op- (m - n + 1) K - 1) ^ ■ •■ 

1^ k fc 

> Op" (m - 1) K Qp^ (1 - m) ^ Op., (m) M Op. (-m) Oa ^ 

k ^ ' k ^ ' k ^ ' k ' 

for any m G Z. 

7. A DERIVED MORITA THEOREM FOR SOME QUASI-PRO JECTIVE SCHEMES 

In this section, we assume that X and Y are quasi-projective over a field k. 
We also assume that X possesses a line bundle L which is ample and satisfies the 
following condition: there exists an TV so that, for I > N, H^{X, L^) = for z > 0. 
We denote L by Ox{^)- Any scheme that is projective over a finitely generated 
fc-algebra satisfies this condition. Any scheme that is affine over a projective scheme 
satisfies this condition. 

Example 7.1. One might speculate that we just need to pullback the twisting sheaf 
from P^, but this does not always work. Consider — {0, 0}. Its structure sheaf is 
very ample, but it has higher cohomology. Since its Picard group is Z, we see that, 
on Af. — {0, 0}, there is no ample sheaf whose large tensor powers possess trivial 
higher cohomology. 
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Also, in this section, F : Dpcrf{X) Dperi{Y) is a full and faithful exact functor. 
If X is not projective, we assume that F admits an extension, F : D{X) —> D{Y), 
which commutes with coproducts. 

Lemma 7.2. If F has a left adjoint, then there exists mi and m2 so that F{E) is 
concentrated in [mi, 7712] for any finite rank locally-free sheaf E. 

Proof. Let us denote the left adjoint by F*. Choose some embedding F P^. On 
X P^, we can resolve the pushforward of Op»(i) 

^ Opn (-n) m n^r. {j +n)^ Op" (-n + 1) Kl QSn^O' + n - 1) ^ • • • 

k k k 

• • • ^ Opj (-1) K f]p. (j + 1) ^ Op. M Op. (j) ^ Oa(,7) ^ 

Applying pi*, we see that Op^(.j) can be obtained from {C'pj(— n), • • • , Opj} by 
taking shifts with < j < direct sums, and then n cones of objects within 
the subcategory formed by those direct sums of shifts of {Opn (— n), . . . , Opn}. This 
statement pulls back to Y. 

We choose ki and k2 so that 'Horn,{F*{OY{j)),Ox) is quasi-isomorphic to a 
complex of locally- free coherent sheaves which is zero outside [fci , ^2] for all < 
< n. Take any locally-free coherent sheaf, E, on Y . Via adjunction, 

[OY{j),F{E)lk]] = [F*{OY{j)),E[k]] = [Ox,nom{F*{OY{j)),Ox) ^ E[k]] 

nom{F*{OY{j)),Ox) (E)E is concentrated in [ki,k2]. Thus, [Oy {j) , F {E)[k]] is 
zero for k outside [k\,k2 + dimX]. If i is outside [0, A''], F*{Ox{i)) is obtained 
from F* (Oxij)), < j < N, using a uniformly bounded number cones and uni- 
formly bounded shifts. [Ox, 'Hom{F* {Ox{j)), Ox) ® E[k]] can be computed using 
long exact sequences coming from the triangles needed to build F*{Ox{j)). Thus, 
we get a uniform bound, in j and k, on [Ox,'Hom{F*{OY{j)),Ox) (E) = 
[OyU), F{E)[k]\. These bounds provide our mi and m2. □ 

Definition 7.3. // the cohomologies of the image, under F, of complexes (in 
DpeTi{X) or D^^^^{X)) concentrated in degree zero are uniformly bounded, we say 
that F is bounded. 

Remark 7.4. Note that, if X is projective, F has a left adjoint if and only if F 
extends to a functor F : D^^i^{X) D^^i^{Y). If F the restriction of a functor 
F : D^^^^{X) — »• D^^^^{Y), then this argument actually shows that F is bounded. 

We shall shift F, if necessary, and assume that the cohomology of F{A), for any 
locally-free coherent sheaf. A, is concentrated in [/co,0]. 
Consider the following complex over D{X x Y): 

Am K F{Bm) >Aim F{Bi) ^AoM F{Bo). 

Here A^, come from our choice of the resolution of the diagonal on X x X. 
Lemma 7.5. For any objects C\,C2 in Dpf,j^{X) and D\,D2 in DpeviiY), 

[Ci K £)i, C2 K D2] ^ 0[Ci, C2[-Z]] ® [DuD2[l]]. 

Proof. We manipulate some adjunctions: 

[Ci K Di, C2 H D2\ = [plCi,plC2®p*2{Hom{Di,OY) ® D2)] ^ 
[Ci,C2®Pi*P*2{nom{Di,OY)®D2))] = 0[Ci,C2[-;]] ® [Di,D2[l]]. 
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□ 

Remark 7.6. As long as there are no morphisms between Di and D2[l] for \l\ 
large, we do not need perfection. 

For r > and p < we have 

[Aj,^F{Bj,)[r],AgmF{Bg)] - [Ap[r,],Ag] ® [F{Bp)[r2], F{Bg)] - 

ri+r2=r 

[Ap[rilAg]^[Bp[r2],B,]^0. 

ri+r2—r 

Thus a right convolution of this complex exists. Denote it by E'^j. 

Lemma 7.7. Assume that F{G) is concentrated in [fcoiO] for any locally-free co- 
herent sheaf, G. H'^{E'^-^) — unless p E [m + fco, m] U [kg, 0]. 

Proof. Let us truncate our resolution of the diagonal 

^ r„_i ^ A,n K S,„ ^ > Ao K Bo ^ Oa ^ 

From our assumption on X , for any fixed bounded complex D of coherent sheaves, 
there is an N so that tensoring D by plOx{l), for k > N, and pushing forward by 
P2 yields an exact sequence. Thus, for I large, we have an exact sequence 

^ ^/,,„-i ^ A„M ^B^^ > H"{X, Aoil)) MBo^ Ox{l) ^ 

where Si^m-i = P2*{Tm-i ® PiOx{^))- This represents a map 

which must be zero if we choose m > dimX. Thus, the complex, 
H\X, A„m H B„, ^ > H\X, Ao(0) H So, 

is quasi- isomorphic to Si_m~i[m] ® The complex, 

H\X, A„(/)) H B„ ^ . H\X, Ao(0) ^ So, 

viewed as lying over D{X), is convolvable. The convolution is just the complex itself 
as an object of D{X). Hence, the convolution is quasi-isomorphic to S';.m_i[m] © 
Ox (0- Apply F to 

i7°(X,A„,(0)KB„ ^ >i70(X,Ao(0)KSo 

and consider it as a complex over D{Y). It is convolvable as F is fully- faithful. 
Since exact functors map convolutions to convolutions and convolutions are unique 
by corollarv l4.51 the convolution of 

An(0) ® F{Bm) ^ > H°{X, Ao{l)) ® F{Bo) 

is quasi-isomorphic to F(S';.m_i[m] © Now, note that the complex 

H°iX, Amil)) ® F{B,n) ^ > H°iX, Ao{l)) ® F{Bo) 

also results from applying P2*{— ® _p*Ojs:(Z)) to 

An(0 ^ F(B„0 ^ > Ao(0 S FiBo). 

So 
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for I large(r than a fixed constant depending on dimX and Ai, Bi for < i < to). 
Thus, the cohomology oi^E' {Ox{l)) is concentrated in [ko+m, m]U[fco, 0]. Lemma 
16.51 savs that i?,'„ has cohomology concentrated in [fco + m, m] U [fco, 0]. □ 
We record a corollary of the proof. 

Corollary 7.8. There is an M (depending on m) so that, for any I > AI , 

^E'JOx{l)) = F{Sk,n^i[m\ © Ox{l)). 

Let T>ko~iE'jn be the gentle truncation of E'^^. Fix m < ko — 1. Denote the 
truncation by E. 

Lemma 7.9. There is an N so that, for I > N , there are isomorphisms 

Proof. Choose N large enough so that P2*{~ <E)PiOx{l)) has no higher cohomology 
on any element of E'^ for / > N. Then, P2*(— ®PiCa(0) commutes with truncation 

ofE'^. So T>^,^,{^E'JOxm = ^r^_,^^_,E^iOx{l)) = 'PEiOxil)). □ 

Corollary 7.10. There exists an N so that, for I > N, F{Ox{l)) is quasi- 
isomorphic to ^e{Ox{1))- Therefore, $£;(C'x(0) '■^ perfect for all I > N. 

Lemma 7.11. There exists a natural isomorphism of <^e o-nd F on the full sub- 
category of Dpcr{{X) whose objects are {Oxil)}i>N 

Proof. We have just seen that the for each I > N we have the isomorphisms of ob- 
jects. The need is to make them functorial. Consider projection e; : F{Si „i-i[to] © 
Ox (l)) ^ F{Ox{l)). Since 

Uom{H"{X,Apil))®F{Bp)[r],F{Oxil))) = Hom(i/0(X, Ap(/))®Bp[r], Ox(0) = 
for r > and any p (both are sheaves) , ei is the only morphism which makes 

H°{X,Aoil)) ® F(Bo) — F{Si^,n-i[ni] © Ox{l)) 

Ao{l)) ® F{Bo) FiOxil)) 

commute by lemma 14.41 Here r is the map coming from the convolution of 

i/"(X,A„(0)®S„, ^ > H''{X,Aoil))(E)Bo 

Similarly, the projection ej : ^e'^{Ox(1) ^e{Ox{1)) is the only morphism mak- 
ing 

H'{X, Ao{l)) F{B,) ^ ^E'JOxil)) 



H(X,Ao{l))®F{Bo) 



^e{Ox{1)) 
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commute. Here r' is the map coming from the convolution of 

A„,{1) H F{B^) ^ > A^il) m F{Bo). 

From above, we have isomorphisms // : F{Ox{l)) ^e{Ox{1)) making 

eiF(r) 



770(x,Ao(0)®i^(So) 



F{Ox{l)) 



H°{X,Ao{l))®FiBo) 

commute. It follows from the previous observations that any map fitting in the slot 
of /; must be unique. If there were two such maps /i and /2, then (/i — /2)e; = by 
uniqueness. But, e; is just a projection and we can precompose with the splitting 
map F{Ox{l)) -> F{Sun-i[m] © Ox{l)) to conclude that fi-f2= 0. 

Now let a : Oxih) Oxih) be a morphism for li,l2 > N. Then there is 
uniquely determined g so that 



ilO(X,Ao(/i))®F(Bo) 



H°{X,a}(g)Id 



F(r) 



F{Sl,,rr,-l[m]®Ox{ll)) 



,*.'(C'x(i2)) 



ijO(X,Ao(/2))®F(Bo) 

commutes. Both $£;(a)//je/j and fi^F{a)ei^ fit. Therefore 

and consequently $£;(a)//j = fi^F{a). 



■^EiOxih)) 



□ 



Lemma 7.12. Let F : Dpcrf{X) — > Dpcrf(Y) be an equivalence and let E he as 
constructed above. Assume there is natural isomorphism of F with $s on the full 
subcategory formed by {Ox{l)}i>N ■ Then, ■ ~^ T)(X) is an equivalence. 

Proof. Let Sl be the smallest full subcategory of D{X) consisting of objects B for 
which [Ox{l),B] [(^E{Oxil)),'^EiB)] is a bijection for / > A^. Sl is triangu- 
lated, closed under coproducts (as ^e takes perfect objects to perfect objects), and 
contains {Ox{l)}i>N- Thus, Sl — D{X). Let Sr be the smallest full subcategory 
of D{X) consisting of objects A for which [A, B] — > ^e{B)] is a bijection 

for all B G D(X). Sr is triangulated, closed under coproducts (naturally), and 
contains {Ox{l)}i>N- Thus, Sr = D{X). Consequently, $_b is full and faith- 
ful. Since F is an equivalence, the smallest triangulated subcategory containing 
{F{Ox{l))}i>N is all of Dpeii{Y). Therefore, the essential image of contains 
all of Dpe^{(Y). The essential image is closed under triangles and coproducts and 
is therefore all of D{Y). □ 
We can now state a derived Morita theorem (in the sense of Rickard) for certain 
quasi-projective schemes. For the original statement, see |12j . 

Theorem 7.13. Let X and Y be quasi-projective schemes over a field k. Assume 
that X possesses an ample line bundle, sufficiently high powers of which have trivial 
higher cohomology. The following are equivalent: 
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• There is an exact equivalence D{X) —f D{Y). 

• There is an exact equivalence D^{X) D^{Y). 

• There is an object E £ -Dcoh(^ ^ ^) that : D{X) D{Y) is an 
exact equivalence. 

Moreover, if X is projective, then the following are also equivalent: 

• There is an exact equivalence Dpc-[f{X) Dpcrf{Y). 

• There is an exact equivalence D^^hi-^) ^ ^coh(^)' 

Proof. In the quasi-projective case, the work of this section showed the equivalence 
of the first and third conditions. Tracing out the arguments, we see that we can 
restrict ourselves to bounded complexes in the arguments and still conclude that 
the third condition holds. 

In the projective case, we can restrict our attention to perfect objects to conclude 
that the old third condition holds. The fourth and fifth conditions are equivalent 
by locally-finite duality. □ 

Orlov's original theorem says something a bit stronger. It says that F and 
are isomorphic on all of D^oi^(X) if X and Y are smooth and projective. In the 
next section, we push a little harder and provide an extension of Orlov's result. 



8. Equivalences and Fourier-Mukai transforms 

As in last section, F is a full and faithful exact functor I?porf(^) Dpcri{Y). 
However, in this section, we take X and Y to be projective schemes over a field. 

We are almost ready to deduce an extension of Orlov's result. We first need to 
know that $ e takes bounded complexes of coherent sheaves to bounded complexes 
of coherent sheaves. 

Lemma 8.1. E is independent of the choice of m if m < — 2. 

Proof. Instead of fixing to, we shall now let to run starting from to < fco ~ 2. 
From lemma 14. 4[ there is a morphism <j)m ■ (pm induces maps 

«'0„(Cx(O) : ^E'^{Oxil)) Applying lemma HI] again, we see 

that this corresponds to a morphism F{Si^rn-i[—'m] © Ox{lj) F{Si^m-2[—m + 
1] © Ox{l))- It is easy to check that the morphism, _F(S';^m_i[-m] ® ^ 
F{Si,m-2[—'m+l] (BOxil)), comes from applying F to the morphism Am ® ido^(/) : 
S'/,m-i[-TO] ® Oxil) Si,m-2[-m - 1] ® 0^(0 whcrc Xm ■ Si^rn-i[-m] 
Si,m-2[—'m + 1] is the extension corresponding to the map, H'^{X, Am-i{l)) <8) 
F{Bjn-i) H°{X,Am{l)) F{Bm)- Since this is true for aU ^ > 0, we see 
that ^^^{Ox{l)) is a quasi- isomorphism in degrees > m -I- 1. We truncate E'^ 
above fco — 1. Denote the result by E^- We have a diagram 

<t>m. 

T<ko-lE'„^_l ^-E'r'n-l ^■^>fco-l^m-l ^ '^<ko-lE'^_^[l] 



which can be completed to a morphism of triangles 
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■ E' 



E' 



■T>ko-lE' 



■ T<ko-lE'„^[l] 



■ T<fco_.l£','„_i[l] 



T<ko~lE'm_l 

since [T<ko-iE'n,T>k„-iE'^^i] = (m < fco-2). As [T<ko-iE'^[l],T>k„-iE'„-^_i] 
0, tpm is unique. If we apply <i>_(C'x(0) to this diagram we get 



F{Si,,n-ilm]) ■ 



■F(5,,™_iHeOx(0)- 



■F{Ox{l))- 



■F{Sun-ilm + l]) 



**,„(Ox(0) 



**,„(Ox(0) 



i=^(5,,,„-2[m - 1]) ^ F(5,,™_iH ffi Ox{l)) ■ 



■F(Ox{l))- 



■ F{Si.„,-2[m]) 



The map fitting into the slot of $^^(C'x(0) unique, and the composition of the 
inclusion of F{Ox{l)), ^'0m(C'x(O)) ^iid projection onto F{Ox{l)) also fits there. 
Thus, (^jp^{Ox{l)) is a quasi-isomorphism for / 0. By lemma 1631 V'm is an 
quasi-isomorphism for each m. □ 

Lemma 8.2. Assume that F admits an extension, F : D^^^^{X) — > D^^^^{Y) and 
that F is bounded (with [kQ,0] being the region with nonvanishing cohomology). 
Then, $£;^(C) has cohomology concentrated in [m + ko,m + dimX] U [A:o,dimX] 
for any coherent sheaf C . 

Proof. Consider the complex 

(An ®C)M F{B„,) ^ >{Ao®C)M FiBo). 

Since Ai, F{Bi) are perfect, this complex can be convolved, and the convolution is 
quasi-isomorphic to ®p^C. Let Fm denote the convolution of the complex 

A^^B„, >Aq^Bo. 

Then, F^ 'S)PiC is the convolution of the complex 

(A„, C) H B„, >{Ao(g>C)MBo 

Let Rm-i denote the kernel of the map {Am-i ® C)M Bm-i {Am ® C)M Bm- 
Choose N large enough so that Ai ® C{1) has no higher cohomology for I > N and 
i > m and P2*Ri,m-i = P2*ip*Oxil) Rm-i) is concentrated in degree zero. We 
have an triangle 

P2*{Rl,m-l[m]) ^ C 



H°{X, Am ® Cil)) ®B,n^ > H°{X, Ao ® C{1)) ® Bo 

The convolution of the complex 

F{H°{X,Arn<E)C{l))(E>Brn) ^ > F {H° {X , Aq (E> C (I)) (g) Bq) 

is quasi-isomorphic to ^e'^^{C{1)) by uniqueness of convolutions. Applying F to 
the previous triangle then gives the triangle 
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Applying Hom{Ox , — ) gives us a long exact sequence of cohomology sheaves. Since 
F is bounded, $s/^(C(l)) is concentrated in [ko + m,TO] U [fco,0]. Applying lemma 
16.51 we get that plC is concentrated in [fco + m, m] U [fco,0] and the claim 

follows. □ 

Lemma 8.3. Assume that F admits an extension, F : D^^hi-^) ^ ^coh(^) '^'^'^ 
that F is bounded. Then, takes Dl^^{X) to Dl^^^{Y). 

Proof. We have the triangle 

T<ko-iE'„^ ^ E'„^ 



to which we apply $_(C): 



By the previous lemma, ^e' (C) is concentrated in [m+ko, m+dimX]U[fco, dimX]. 
^T<ko~iE'^{C) is concentrated in {—oo,m + dimX]. ^e{C) is independent of the 
choice of m for m large. By considering the long exact sequence of cohomology 
sheaves as m grows large, we see (C) must be concentrated in [fep , dim X] . Conse- 
quently, E must take an bounded complex of coherent sheaves to another bounded 
complex of coherent sheaves. □ 
We next extend the natural isomorphism found in lemma [7.11l 

Lemma 8.4. There exists a natural isomorphism between $_e|o cind F\q where fl 
is the full subcategory formed by Ox {I) for / e Z. 

Proof. We proceed by downward induction. Choose an embedding of X in P^. 
Then, we have a exact sequence 

O^Ox ^Vn^Oxil) ^ >Vo^ Oxin + 1)^0 

where Vp — i?"(P^, r2p„(p — n — 1)). This comes from the Beilinson resolution of 

k 

the diagonal. Twisting we have an exact sequence 

^ Ox{k) Vn (E> Ox{k + 1) ^ >Vor^Ox{k + n + l) ^0 

Note that Ox{k) is the left convolution of the complex 

Vn ® Ox{k + 1) ^ yVo(E>Ox{k + n + l) 

We already know that we have a natural isomorphism $£; — > F on the subcat- 
egory formed by Ox{l) for I > N. If we set k = N above and use the natural 
transformation, we get a morphism of complexes 
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V„<S,<i>E{Ox{N + l))- 
V„<»F{Ox{N + l))- 



■V;_i®$£;(Ox(iV + 2))- 
^K_i®F(Ox(iV + 2))- 



■ Vo®$B(Ox(iV + n + l)) 
-Vo(»F{Ox{N + n + l)) 



which gives a unique morphism : <f>£;(C'j(: (^)) — > F{Ox{N)) by lemma [1771 
Working downward, we get all /; for I £ Z. The morphism of the complexes is an 
isomorphism as each fi is an isomorphism. 

To check that these are natural, we take a morphism a : Ox{l) Ox {I')- It 
induces a morphism of complexes 



■Vo®^E{Ox{l + n + l)) 



Idv„ ®/i' + i*£;(a®idc>^(i)) 



Mv-Q «i/i/4.„4.i*i5(a«iido^(„+i)) 



14 (/' + !)) 



yo®F(C'x(/' + n + l)) 



which corresponds to a unique morphism ^e{Ox{1)) F{Ox{l'))- Both F{a)fi 
and fi'^E{o) fit into the diagram given in lemma l477l Thus, they are equal and 
the isomorphism between and F on the subcategory consisting of {OxlOI'ez 
is natural. □ 
We now need a useful lemma: 

Lemma 8.5. Let F : Dpc-[i{X) Dpcrf{Y) be a full and faithful exact functor 
with left and right adjoints and G : £^coh(^) -^coh(^) o,™ther exact functor 
with a left pseudo-adjoint. Let VL — {Pk} is a perfect ample sequence in Z?porf(X). 
Assume G preserves perfection, and there is an isomorphism of functors fn : F\q — > 
G\fi. Then there exists an isomorphism of functors f : f l_Dp„f (x) ~^ ^l-Dpcrt(>') 
which extends /q . Moreover, if F is an equivalence, then F and G are naturally 
isomorphic. 

Proof. Since F posseses a left adjoint, the pseudo-right adjoint of F is an extension 
of F to the bounded derived categories. We will denote this extension by F also. 
Recall that a perfect ample sequence must split generate _Dporf(^). Thus, G must 
take perfect objects to perfect objects. The restriction of G to Dpc^i{X) has a right 
pseudo-adjoint which we will simply denote G^. 

We have a natural morphism of functors, ^'^D-p^^f{x) ~^ F'^F, which is an iso- 
morphism as F is full and faithful. Since G is isomorphic to F when restricted 
to f2, it also full and faithful on Z?pcrf(-'^') and the natural morphism of functors, 
^GG'|£ip^^j(jc) Ido^^^^ix), is an isomorphism. 

^GF is the left adjoint to F"^ G\e)^^^^(^x) on Dpcri{X). They are both isomorphic 
to the identity when restricted to fl so they are both fully faithful. Since they are 
adjoints to each other, they are quasi-inverses. F'^G is right pseudo-adjoint (on 
^coh(^)) to "^GF. Thus, F^G is an autoequivalence of £'eoh(^)- By proposition 
15.121 there is an natural isomorphism Idj^t, f^x) ^ F^G. Restricting to Dporf(^) 
and using adjunction, we obtain a morphism of functors / : -F|£)p^^f(x) ~^ Gj^jp^,,, (x)- 

Take any object a of DpeT-i{X). Let 
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be a distinguished triangle. Since -F^(/a) is an isomorphism, we have F'^c = 0. 
Prom 

Hom(w, G^c) = Hom(Gcj, c) = Bom{Fuj, c) = Hom(cj, F^'c) ^ 

for any a; G we see that G^c = 0. Hence Hom(G(a), c) = 0, thus Fa = Ga©c[— 1]. 
But 

Hom(i^a, c[-l]) Hom(a, F^c[-1]) ^ 

hence c = 0. Hence, / is a natural isomorphism. 

Assume that F is an auto-equivalence. Note that by uniqueness = F~^ and 
^G = G|^^ ^^-yj. We have an natural isomorphism g : F\^^ ^^^^ ^IB^ f(x) 
which corresponds to / : -F|z5p„rf (x) ^ ^l-Dp„t(y)- Taking the right dual of this 
natural transformation we get a natural isomorphism : F)^ (^G)^ which 
gives the isomorphism between F and G. □ 

If X and Y arc projective, we have seen that $ e must have left and right pseudo- 
adjoints because it preserves perfection and bounded coherence. 

Theorem 8.6. Let X andY be projective schemes over a field k. If F : DpQr{{X) — > 
-Dperf(^) is a full and faithful functor with a left and a right adjoint, then F is 
isomorphic to the restriction of to Dperf{X) for E e F)^coh{-^ ^ 

A particular case of this is: 

Corollary 8.7. Let X and Y he pTojective schemes over a field k. Let F : 
DpeTi{X) — > £)perf(i^) he an exact equivalence. There exists an E & Dl^h.{^ x Y) 
and a natural isomorphism F = ^Elop^rsix)- 

We can give another corollary that is a consequence of locally-finite duality. 

Corollary 8.8. Let X andY be projective schemes over a field k. IfF : D^^y^{X) 
^coh(^) ^s an exact equivalence, then there exists anE G D^^^{XxY) and a natural 
isomorphism F ^ ^e\d'' ^^{x)■ 

Remark 8.9. The complex, E, appearing in the previous results is unique. 

Proof. Note that the complex, E, given in these results is unique. Suppose we have 
two complexes, E and E, and natural isomorphisms between F and both and 
The complexes 

m ^E{Bm) ^ ^ ^0 ^ ^e{Bo) 

and 

Ara M ^EiBm) ^ ^0 ^ ^e{Bo) 

are isomorphic. We can take Aq and Bq to be Ox- Using the counit P2P2* — > Id, we 
get a morphism Aq IE $^(Bo) E. Using the isomorphism of and we can 

view this as a map from the complex AiM^E{Bi) to E. Consequently, we get a map 
between their convolutions E'^ E. The induced map (Ojc(/)) ^^{Ox{l)) 
is a quasi-isomorphism in degrees > m + dim X + dim Y. Consequently, the map 
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Em ^ -E is a quasi-isomorphism in degrees > m + dunX + dmiY . After truncation, 
we get a quasi-isomorphism between E and E. □ 
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